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　　Abstract　　Soi l moisture plays an important role in w ater and energy balance in land-atmospheric interaction , but is impacted di rect-
ly by the groundwater table.Dynamic variat ion of the groundw ater table can be described mathematically by a moving boundary problem.

In this paper , the moving boundary problem is reduced to a fixed boundary p roblem through a coordinate t ransform ation.A new model of

groundw ater table simulat ion is developed using the mass-lumped f inite element method and is coupled wi th the land surface model of Vari-

able Inf ilt ration Capacity (VIC).T he simulation result s show that the new model not only can simulate the g roundwater table dynamical-
ly , but also can evade the choice of w ater table depth scale in com putat ion w ith a low com putat ion cost.

　　Keywords:　land-atmospheric interactions, groundwater table , VIC model.

　　China is a developing country with the largest

population in the wo rld.China' s energy resourses per

person and w ater resources per person are only one

half and a quarter of the world average , respectively.
Although the climate of the inland river areas in the

north is continental , the climates of the other zones

are continental monsoon climates.The distribut ion of

regional precipitation per year is not even.To tally ,
the precipitation per person is f ive percent of the

w orld average[ 1] .The semi-arid region and semi-hu-
mid region are the main production areas of w heat and

cotton in China , but the peak period of w ater use in

agriculture is just the low w ater season every year , so
the climate is unfavorable to crop g row th.Before the

1940s or 1950s , the level of productivity w as very

low , so the w ater resources were not short.In fact ,
like other resources , water also has an inherent re-
generation period and there is a limi tation on maxi-
mum exploitation.Many developed countries have

adopted measures to prevent w ater resources f rom be-
ing over exploited , such as America and Japan.But
currently in China , excessive exploitation of g round-
water usually occurs.The impact of climate change

on water resources is arousing people ' s interest.
However , in the cont inental scale of China , the prob-
lem of land-atmospheric interactions is no t being re-
searched sy stematically , and especially the under-
standing of how long the changes in w ater resources

w ill affect the environment is very insufficient.Many

studies indicate that global temperature will increase

by 3 ℃ or 4 ℃in 100 years.This w ill accelerate the

w ater cy cle and make the probability and the intensity

of ex treme precipitat ion increase.At the same time ,
the sea level w ill rise and sea w ater inbreak w ill be

pricked up.

Water balance is an impo rtant component of the

land surface process.After precipitation reaches the

surface of the g round , some of i t inf ilt rates into the

soil becoming soil moisture or ground w ater , and

some of i t flow s into rivers or lakes becoming land

surface w ater.Ground w ater and surface w ater con-
verge to the sea mainly via rivers.A lot of surface

w ater , soil moisture , and ground w ater return to at-
mosphere through evapot ranspi ration , and some will

precipitate to the Earth' s surface again.As the depth

to the surface of the groundw ater is shallow , the

g roundwater table dist ribution is therefo re closely re-
lated wi th soil moisture.The interaction between

them is an important phy sical process of land-atmo-
spheric interactions[ 2 ～ 6] .In the coupling of a regional

or global climate model w ith a land surface model ,
the lat ter supplies the fo rmer' s lower boundary condi-
tions.Impact of the groundwater level on the soil

moisture , and further , the water and energy budgets

in the climate model is more important[ 3 ～ 10] .Most of



land surface models , such as IAP94[ 3] ,
V IC[ 4 , 5 ,11 , 12] , BATS , LSM , SIB[ 10] , consider the

variation of soil moisture only near the land surface ,
and suppose that the low er boundary condition of the

soil moisture process is a constant or merely due to

g ravitational drainage.By neglecting the dynamic

variability of the groundw ater table , the mechanism

of soil moisture f low is unreasonable , which brings a

disadvantage to the simulation and prediction re-
search.Recently , Xie et al.t ransfo rmed the dynamic

presentation of the groundwater table in the land sur-
face model into a moving boundary (between saturat-
ed and unsaturated f low)problem , and the mass-
lumped f inite element method w as int roduced to es-
tablish the numerical model.The soil moisture model

w as coupled w ith the VIC model so it could present

the g roundwater table dynamically in land-atmospher-
ic interactions.In their method , the saturated and

unsaturated areas are delaminated uniformly , and the

Richards equation is solved w ith the pre-estimate and

correct iterat ion processes.

In this paper , a coo rdinate transform is used to

reduce the moving boundary problem to a fixed

boundary problem[ 13] .Discretization is considered on-
ly in the unsaturated area and thus w ith the same

number of discrete layers , the grid resolution is

raised.During the solving step , the g rid number is

fixed , and w ith about 20 grid points , a high resolu-
tion result can be obtained , so the computational cost

is decreased.The results given by the new soil mois-
ture model coupled w ith the V IC model show that not

only can the new method simulate the g roundw ater

table dynamically , but also the choice of w ater table

depth scale is avoided and the computational cost is

decreased.The coupled model can be applied to the

simulations of land-atmospheric interaction , climate ,
and w ater resources.

1　Parameterization of a groundwater table in

a land surface model

Soil moisture can be in the forms of vapourous

w ater , adso rption w ater , capillary water , and gravi-
tational w ater.The g ravitational w ater moves down-
ward and gathers above the impermeable layer.Thus
the porosity of this layer is filled by soil moisture , so
the layer is named the saturated zone.Except for ad-
sorption w ater and capillary w ater , most of the poros-
ity above the saturated zone is filled wi th air and so

this layer is named the vadose zone.The interface be-
tween the saturated zone and vadose zone is the

g roundwater table.The pressure at the groundwater

table is the atmospheric pressure.

Based on the horizontal resolution of the general

circulation model , the ho rizontal movement of soil

moisure is neglected.Considering the saturated and

unsaturated w ater flow problems in one dimension ,
let the z axis dow nw ard be positive and the origin of

the coordinate be the land surface. θ(z , t)is the vol-
umetric moisture content at time t and depth z.Un-
der the condition of nonconstant infilt ration o r evapo-
rat ion on the land surface , let the infiltration be posi-
tive and the evapo ration be negative.Based on the

Darcy' s law and the principle of continuity , we ob-
tain the follow ing Richards equation of the unsaturat-
ed flow :

  θ
 t =

 
 z D( θ)

  θ
 z -

 K( θ)
 z , (1)

where  θ[ L 3/ L 3] is the volumetric moisture content ,
D ( θ)[ L 2/ T ] the soil w ater diffusivity , and

K( θ)[ L/ T ] the unsaturated hydraulic conductivity.
The upper boundary condition can be w ritten as

q0(t)=K( θ)-D( θ)
  θ
 z
, (2)

where q0(t)is the f lux of the land surface (infilt ra-
tion o r evaporation).In most land surface models ,
the follow ing fit ting relations are taken[ 14] :

K( θ)=K s
 θ
θs

2b+3

,

D( θ)=-
bK s Χs

θs
 θ
θs

b+2

,

where K s is the saturated hydraulic conductivi ty , θs
the saturated volumetric moisture content , Χs the

saturated w ater head , and b the Clapp and Hornberg-
er constant[ 15] .

Let α(t)be the depth f rom the land surface to

the groundwater table.The groundwater table(mov-
ing boundary)divides the saturated and unsaturated

areas into tw o different parts.So , at the groundwater

table , we have

 θ(z , t)=θs. (3)
A zero pressure condi tion and given f lux condi tion at

the groundw ater table are usually used to describe the

moving boundary.In this paper , the lat ter is chosen.
We suppose that

K( θ)-D( θ)
  θ
 z z =α(t)

-Qb(t)=-ne
dα
d t
,

(4)
where Q b(t)is the base f low[ 4] , and ne the effective

porosi ty in the porous medium[ 16] .The initial condi-
tion is

820 Progress in Natu ral Science　Vol.13 No.11　2003



 θ(z ,0)= θ0(z), 　0 ≤ z ≤α(0), (5)

and at z=α(0)
 θ0(z)=θs. (6)

The soil moisture dist ribution  θ(z , t) and the

g roundw ater table α(t)are solved by (1)and (4)
w ith the boundary conditions (2)and (3)and the

initial conditions(5)and(6).The evapo ration f rom

the top layer(a 10 cm soil layer from the land surface

in the VIC model), the t ranspiration f rom vegetation

roots , and the base f low from the unsaturated area are

presented in (2)and(4).If the groundw ater table

α(t)is known , the soil moisture of the unsaturated

area can be obtained w ith the common numerical

methods(see Refs.[ 17 ～ 19]).In this study , α(t)
is time dependent.Supposing that

 θ(t)=∫
α(t)

0
 θ(z , t)dz ,

integrat ing (1)on the interval (0 , α(t)), and con-

sidering (2)and(4), we can get
d θ
d t -

dα
d t(θs +ne)

=q0(t)-Q b(t).Let x =
z
α(t)

, τ=t .Then the

primi tive equation can be rew rit ten as

θτ+
(2b +3)K s

αθ
2b+3
s

θ2b+2 -
x
α
α
·
θx

　　=-
bK s Χs

α2(b +3)θ
b+3
s

(θb+3)xx , (7)

and co rrespondingly , the upper and low er boundary

conditions are q0(τ)=K(θ)-
D(θ)
α θx

x=0
and

θ(x , τ) x=1=θs respectively.By (7) and the

boundary conditions , we can obtain

dα
dτ=

α
d θ
dτ
+Q b -q0

θs - θ+ne
,

where  θ(τ)=∫
1

0
θ(x , τ)d x .Integ rating the above

equation on (τ, τ+Δτ), we have

α(τ+Δτ)-α(τ)

　　=
1

θs - θ+n e
α[ θ(τ+Δτ)- θ(τ)]

　　　+∫
τ+Δτ

τ
(Q b -q0)dτ.

Let H
1
E(Ψ)={v ∈ H

1
(Ψ), v(1)=0}, where Ψis

the interval [ 0 , 1] and H
1(Ψ)is a Sobolev space.

The equivalent variational fo rm of (7)can be w rit ten

as

 θ
 τ,  +

D(θ)
α2
θx ,  x

　　=-
K(θ)
α
-
D(θ)
α2
θx  

1

0
+∫

1

0

K(θ)
α
 x dx

　　　+
α
·

α
x θ

1

0
-∫

1

0

α
·

α
xθ xd x -∫

1

0

α
·

α
θ dx , (8)

where (·,·)is the inner product in L
2
(Ψ)space.

Divide [ 0 , 1] into n parts , so there are n +1

g rid points:0=x 1 <x2 <…<x n+1=1 , where x 1

and xn+1 are the boundary points.Denote ei =
(xi , x i+1), i=1 , …, n for n subdomains.Define a

fini te element space Vh  H
1
E(Ψ)such that Vh =

{v h ∈ C[ 0 ,1] , vh ei is a linear function , 1≤i≤n ,
and vh(1)=0}.Let { i} Vh be the finite element

basic functions  i(x j)=δi j(i , j=1 , … , n).Then θ
can be w rit ten as follows:

θ(x , τ)=∑
n

i=1
X i(τ) i(x)+θs.

By the expression of θand(8), we can obtain the se-
mi-discrete equations:

[ A]{X}+[ B]
dX
dτ

={F},

{X(0)}=(θ0(x 1)-θs , …, θ0(x n)-θs)
T ,
(9)

where

[ A] =[ A ij ] ,

A ij =∫
1

0

D(θ)
α2

d i
d x

d j
d x
+
α
·

α
 i j d x ,

[ B] =[ B ij] , B ij =∫
1

0
 i j dx ,

{F}=[ F i] ,

F i =-
K(θ)
α
-
D(θ)
α2
θx  i

1

0
-α
·

α
θs∫

1

0
 i(x)d x

　　+∫
1

0

K(θ)
α
-
α
·

α
xθ

d i(x)
d x

,

{X}=(X 1(t), … , X n(t))
T
,

dX
dτ =

dX 1

dτ
, …,

dX n

dτ

T

,

i , j =1 , …, n ,
and θ0 is the initial condition after the coordinate

t ransforming.

To slove the nonlinear ordinary differential equa-
tion(9), the time discrete scheme is

dX
dτ

≈
{X}τ+Δτ-{X}τ

Δτ
,

{X}τ+Δτ/2≈ω{X}τ+Δτ+(1-ω){X}τ,
(10)

where Δτis the time step and ωthe w eighting coeff i-
cient , 0≤ω≤1.The coefficients in Eq.(9)take the

values of t ime (τ+Δτ/2).According to the time

discrete scheme(10), the full discrete scheme can be
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w rit ten as

[ A] τ+Δτ/2(ω{X}τ+Δτ+(1 -ω){X}τ)

　　+[ B]
τ+Δτ/2 {X}

τ+Δτ
-{X}

τ

Δτ ={F}
τ+Δτ/2

,

then we have

[ P]
τ+Δτ/2

{X}
τ+Δτ

=[ Q]
τ+Δτ/2

{X}
τ
+{F}

τ+Δτ/2
,

(11)

where [ P ] = ω[ A ] +
1
Δτ[ B ] and [ Q ] =

(ω-1)[ A] +
1
Δτ
[ B] .Since the mass-lumped finite

element method is used in computation , and all ele-
ments in each row are summed up into the main-diag-
onal element , oscillato ry non-physical profiles are e-
vaded.When ω=1 , an implicit-in-time f inite-differ-
ence scheme results , even through the various coef fi-
cients are evaluated at the half-time level.When ω=
1/2 , on the other hand , a time-centered , Crank-
Nicolson type algorithm is obtained.To be able to

solve{X}τ+Δτfrom{X}τ, one needs the estimates of

the coeff icients K and D and then the coef ficient ma-
trices [ A] , [ B] , [ F] and [ P] , [ Q] at the half-time

level τ+Δτ/2.We take an iterative method to solve

the problem:

Step 1.{X}
τ+Δτ/ 2

is obtained through a linear

ex trapolation f rom {X}
τ-Δτ

and {X}
τ
.If τ=0 ,

then{X}
τ+Δτ/2

equals{X}
τ
.

Step 2.Solve {X}τ+Δτby {X}τand{X}τ+Δτ/2.

Step 3.Use {X}τ+Δτ/2=
1
2
({X}τ+{X}τ+Δτ)

to get the nex t{X}τ+Δτ/ 2.

Step 4.Use{X}τand the new {X}τ+Δτ/2 to get

the next{X}τ+Δτ.

Step 5.Repeat Step 3 and Step 4 until the dif-
ference of the two neighboring {X}

τ+Δτ
is less than a

g iven value.

2　Coupling of the soil moisture model with

the VICmodel

Liang et al.described the V IC model in [ 4] and

[ 5] in detail.The VIC model is a macroscale hydro-
logic model w hich is based on the energy and w ater

balance equations and can be run on g rid cells.The

macroscale here denotes the critical scale described by

subgrid spatial variabili ty by means of statistics

(Wood et al.[ 20]).The VIC model has been used

successfully on long rivers(for example , Abdulla et

al.[ 21] , Lohmann et al.[ 22] , Nijssen et al.[ 23] , and

Wood et al.[ 24]).VIC calculates the vertical energy

and water fluxes based on the soil properties and veg-
etation types on grid cells , which include subgrid spa-
tial variability of infiltration capacity and precipita-
tion , and vegetation types w ithin a g rid cell.The

drainage betw een neighboring soil layers is presented

dynamically and the unsaturated moisture conductivi-
ty is the pow er function of soil moisture[ 14] .The base

f low follow s the Arno model conceptualizat ion , which

is applied only to the lowest soil layer.In order to

calculate the subg rid variability of infiltration , the

VIC model adopts the method of the Xinanjiang mod-
el[ 25] .In this method , the acquirable infiltration ca-
pacity described by a spatial probability dist ribution is

used as a function of the f raction of the saturated

area.The excessive precipitat ion directly forms the

surface runoff.Every soil column is divided into three

layers and the depth of these layers is given in the

model.

At each time step , the V IC model fi rst calculates

the surface fluxes based on the three layers , which

are used as the infilt ration condi tion of the soil mois-
ture model.Secondly , the soil moisture model is

called to calculate the moisture and the water table on

the fine grid system of the soil moisture model itself

and redist ributes the moisture on the fine grid to the

three layers.And then the base f low , evaporation ,
and energy budget are solved on the three layers.At

the next time step , the ini tial condi tion of the soil

moisture model takes the moisture values on the fine

g rid , instead of the three layers , calculated by the

last time step.

3　Numerical simulations

In this sect ion , g roundw ater tables simulated

w ith the soil moisture model and the coupling of the

soil moisture model w ith the V IC model are compared

w ith the observational data.We take the groundw a-
ter table of the moni toring w ell as the observ ational

data and the data of the meteorological stat ion near

the well as the fo rcing data.Tw o kinds of numerical

tests are considered:(1)Based on the precipitation ,
the maximum and the minimum temperatures , the
runof f(surface runof f and base flow)and evaporat ion

are calculated by the VIC model w hose surface runoff

mechanism has been improved , and further the infil-
t ration is obtained.Taking the infiltration as the up-
per boundary condition , we can simulate the ground-
water table wi th the new soil moisture model and

then compare it with the observational data.(2)The
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new soil moisture model coupled w ith the VIC model

is run to simulate the groundw ater table w ith the

forcing data of the meteorological station and the ini-
tial condition of the observational data.

For the two types of simulation , let the positive

direction be downw ard and the origin of coordinates

be at the land surface.Map the part between the land

surface and the w ater table to the interval [ 0 ,1] , and
then divide the interval into n layers evenly , so the

spat ial step of the soil moisture model is 1/ n , and the

time step is Δt=24 h.

The w ater tables of USGS moni toring wells

AG700 in Allegheny County and LB372 in Lebanon

County of Pennsy lvania are taken as the observational

data.The meteorological data nearby these two wells

are the forcing data.The locat ion of well AG700 is

40°37′34″N 80°06′30″W , the diameter is 15 cm , and
the depth is 30.5 m.The location of well LB372 is

40°22′07″N 76°18′08″W , the diameter is 15.24 cm ,
and the depth is 24.4 m.The meteo rological station

nearby w ell AG700 is Bigleverville Stat ion in Alleghe-
ny County , and i ts cooperative ID is 366993.The co-
ordinates of Bigleverville Station are 40°30′N
80°14′W and it belongs to the Low er Allegheny River

basin.The meteorological station nearby well LB372

is Lebanon 2 w Station in Lebanon County.It s coop-

erative ID is 364896 and coo rdinates are 40°20′N
76°28′W.The data of the g roundw ater table is pro-
vided by USGS and the meteorological data is provid-
ed by NCDC.We denote the initial water table as

Deep0 and the residual moisture as θr (refer to

Table 1).

Table 1.　Soil parameters and init ial condit ions corresponding to moni-

toring w ells

Well Deep0(m) Initial θ θs K s/ cm·s
-1 -Χs/cm b θr

AG700 2.48 0.25 0.476 3.47E-2 21.8 4.90 0.041

LB372 3.35 0.02 0.476 2.91E-3 20.0 5.33 0.02

3.1　Simulation of the soil moisture model(offline
simulation)

For the well AG700 , the surface runoff , infilt ra-
tion , and the base flow are obtained by the VIC mod-
el w ith the meteorological data(1 September 1991 ～
30 September 1998).Then the g roundwater table is

simulated by the new soil moisture model w ith the

VIC model output.The initial depth of the water

table is 2.48m and the unsaturated area is divided in-
to 20 layers af ter the coordinate transform.Fig.1(a)
gives the daily precipi tation series.The “ off line”
curve vs.the “observation” curve in Fig .1(b)show s

the comparison of the groundw ater table betw een the

off line test and the observational data.

Fig.1.　Comparison of the w ater table of w ell AG700 betw een the simulat ion results and the observational data.(a)Precipitat ion series;

(b)comparison of the w ater tables.
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3.2　Simulation of the soil moisture model coupled

w ith the V IC model

Using the coupled model (soil moisture model

coupled wi th the VIC model), the groundw ater table

is simulated w ith the meteorological data and the ini-
tial observational data under the same grid sy stem as

the off line test , and is compared w ith the observa-
tional data.In Fig.1(b), the “coupled” curve vs.
the “observation” curve show s the comparison of the

g roundw ater table between the coupled simulation

and the observational data.From the figure , it is

show n that the observed groundwater table is simulat-
ed quite w ell by the coupled model and the three

curves coincide generally to a g reat extent.

For the well LB372 , the surface runof f , infilt ra-
tion , and the base flow are obtained by the VIC mod-
el w ith the meteorological data (1 October 1991 ～ 30

December 1998).Then the new soil moisture model

is called to simulate the g roundw ater table and the soil

moisture.The initial depth of the water table is

3.35m and the unsaturated area is ag ain divided into

20 layers.Fig.2(a)gives the daily precipitation se-
ries.Fig.2(b)shows the comparison of the ground-
water table between the coupled test and the observa-
tional data.From Figs.1 and 2 , it is show n that the

soil moisture model can capture the g roundw ater table

dynamically to a great ex tent.

Fig.2.　Com pari son of the w ater table of w ell LB372 betw een the simulation result and the observational data.(a)Precipitation series;

(b)comparison of the water tables.

4　Conclusion

In land-atmospheric interactions , the dynamic

variation of the g roundw ater table can be described as

a moving boundary problem.In this paper , the mov-
ing boundary problem is reduced to a fixed boundary

problem by coordinate t ransformation.A new model

for simulating g roundw ater table is developed using

the mass-lumped f inite element method.With this

method , discretization is needed only in the unsatu-
rated area , and with about 20 g rid points , a high res-

olution result can be obtained , and the computational

cost is decreased.Tw o kinds of tests(of fline test and

coupled test)show that the simulation results coincide

w ith the observational data generally to a g reat ex-
tent.This study is significant since it captures the

general nonlinear interaction of the climate system ,
improves the understanding of the interaction be-
tw een g roundw ater and soil moisture , and researches

the impacts of climate changes on g roundw ater.
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